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The author and A. Mirumian proved the following theorem: Let
G be a bipartite graph with maximum degree  and let t,n
be integers, t  n  . Then it is possible to obtain, from one
proper edge t-coloring of G , any proper edge n-coloring of G
using only transformations of 2-colored and 3-colored subgraphs
such that the intermediate colorings are also proper. In this note
we show that if t >  then we can transform f to g using
only transformations of 2-colored subgraphs. We also correct the
algorithm suggested in [A.S. Asratian, Short solution of Kotzig’s
problem for bipartite graphs, J. Combin. Theory Ser. B 74 (1998)
160–168] for transformation of f to g in the case when t = n = 
and G is regular.
© 2009 Elsevier Inc. All rights reserved.
We use Bondy and Murty [4] for terminology and notation not deﬁned here. An edge t-coloring or
simply t-coloring of a graph G is a mapping f : E(G) → {1, . . . , t}. If e ∈ E(G) and f (e) = j then we
say that the edge e is colored j. The set of edges of color j we denote by M( f , j). A t-coloring of G
is called proper if no adjacent edges receive the same color.
Let f and g be two distinct proper colorings of G . We shall say that f and g differ by an m-
colored subgraph if there is a set of colors S of size m, such that M( f , j) = M(g, j) for each j ∈ S ,
but M( f , j) = M(g, j) for each j /∈ S . We shall call a path (α,β)-colored if its edges are alternately
colored α and β . An interchange with respect to colors α and β consists in swapping the two colors
on the edges of a connected component of the subgraph induced by the set M( f ,α) ∪ M( f , β),
thus obtaining a new proper edge coloring of G . The author and A. Mirumian proved the following
theorem:
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A.S. Asratian / Journal of Combinatorial Theory, Series B 99 (2009) 814–818 815Theorem 1. (See [2,3].) Let G be a bipartite graph. If f is a proper t-coloring and g is a proper n-coloring of G,
t  n, then f can be transformed into g such that each intermediate coloring is a proper coloring and differs
from the previous coloring by a 2- or 3-colored subgraph.
In this note we show that if t > (G), where (G) denotes the maximum vertex degree of G ,
then we can transform f into g using only transformations of 2-colored subgraphs. We also correct
the algorithm suggested in [1] for transformation of f into g in the case when t = n = (G) and G is
regular.
Theorem 2. Let G be a bipartite graph and let t be an integer, t > (G). Then any proper (G)-coloring of G
can be obtained from any proper t-coloring of G by a sequence of interchanges.
Proof. We prove the theorem by induction on (G). The assertion of the theorem is evident if
(G) = 1. Now suppose that G is a bipartite graph with (G) = p  2 and that the induction hy-
pothesis holds for all bipartite graphs with maximum degree p − 1. Let g be a proper p-coloring and
f be a proper t-coloring of G , t > p = (G). First we shall deﬁne a proper t-coloring f ′ such that
M( f ′, t) = ∅.
If M( f , t) = ∅ then put f ′ = f . Otherwise if M( f , t) = {e1, . . . , ek}, k  1, we will transform f
by sequentially recoloring the edges e1, . . . , ek as follows: Let x and y be the ends of ei . Since t >
p = (G) there is a color α = t such that no edge colored α is incident with x. If there is no edge
colored α incident with y then color the edge ei with color α. Otherwise, there is a color β = t,α
such that no edge colored β is incident with y. The maximal (α,β)-colored path P which originates
at y cannot pass through x, otherwise E(P )∪ {ei} forms an odd cycle in G which contradicts G being
bipartite. If we interchange the two colors α and β on P , the color α will no longer be used on an
edge incident with the vertices x and y, and we can color ei with α. This process should be continued
until none of edges e1, . . . , ek is colored t . The obtained proper t-coloring of G we denote by f ′ .
Thus, M( f ′, t) = ∅ and f ′ is obtained from f by a sequence of interchanges. Let f ′′ be the
proper t-coloring obtained from f ′ by recoloring the edges in the set E0 = M(g, p) with color t .
Clearly, f ′′ is obtained from f by a sequence of interchanges and M( f ′′, t) = M(g, p). Then the
graph G ′ = G − M(g, p) has the maximum degree p − 1 and t − 1 > (G ′) = p − 1. Let g1 be the
proper (p − 1)-coloring of G ′ induced by the matchings M(g,1),M(g,2), . . . ,M(g, p − 1) and f1 be
the proper (t − 1)-coloring of G ′ induced by the matchings M( f ′′,1),M( f ′′,2), . . . ,M( f ′′, t−1). Then
since by the inductive hypothesis g1 can be obtained from f1 by a sequence of interchanges, the same
must be true for g and f ′′ , and therefore for g and f . The proof of the theorem is complete. 
Theorem 2 implies the next result.
Theorem 3. Let G be a bipartite graph, f be a proper t-coloring and g a proper n-coloring of G, t  n. If
t > (G), then f can be transformed into g by a sequence of interchanges.
Proof. If n = (G) then the assertion of the theorem follows directly from Theorem 2. Let n > (G)
and let g1 be a proper (G)-coloring of G . By Theorem 2, each of the colorings f and g can be
transformed into g1 by a sequence of interchanges. This implies that f can be also transformed into
g by a sequence of interchanges. 
Remark 4. Not every proper (G)-coloring of a bipartite graph G can be transformed to another
proper (G)-coloring of G using only interchanges and such that every intermediate coloring is a
proper (G)-coloring (see, for example, [1]).
The proof of Theorem 1 given in [1] is based on the following lemma:
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M( f , t) = M(g, t) then for some k  1 there exists a sequence of proper t-colorings f0, f1, . . . , fk such that
f = f0 and
∣
∣M( fk, t) ∩ M(g, t)
∣
∣ >
∣
∣M( f , t) ∩ M(g, t)∣∣
with fi and fi+1 differing by a 2- or 3-colored subgraph, for each i = 0,1, . . . ,k − 1.
Unfortunately, there is a mistake in the proof of Lemma 5 in [1] (see Remark 7). Below we shall
supply a new correct proof.
Proof of Lemma 5. Let G( f , g, t) denote the subgraph induced by the edge subset
M( f , t)M(g, t) = (M( f , t) ∪ M(g, t)) \ (M( f , t) ∩ M(g, t)),
where each edge e ∈ M( f , t)M(g, t) has the color f (e). Consider a component C of G( f , g, t).
Clearly, C is a cycle of even length. Let C = v0e1v1e2 . . . v2m−1e2mv2m, where v2m = v0. Without
loss of generality we assume that f (e2 j−1) = t for j = 1, . . . ,m.
If C is a 2-colored cycle then we can take k = 1, produce f1 from f by an appropriate interchange
along C , and we are done. If the edges of C are colored with three colors t, s0 and s1, then we take
k = 1 and produce f1 from f by recoloring the set M( f , t) ∪ M( f , s0) ∪ M( f , s1) as follows: we color
the perfect matching D = (M( f , t) \ {e1, e3, . . . , e2m−1}) ∪ {e2, e4, . . . , e2m} with the color t and then
properly color the 2-factor (M( f , t) ∪ M( f , s0) ∪ M( f , s1)) \ D with the colors s0 and s1.
Now suppose that the edges of C are colored with more than three colors. Without loss of gener-
ality we assume f (e2) = f (e2m). We will construct a sequence of proper t-colorings f0, f1, . . . and a
sequence of auxiliary improper colorings f ′0, f ′1, . . . in the following way.
Step 0. Put f0 = f . Let s0 = f (e2) and let m0 be an integer such that f (e2+2m0) = s0 and P0 =
v0e1v1e2 . . . e2m0 v2m0 is a (t, s0)-colored even path on C . Furthermore, let s1 = f (e2+2m0) and n1 be
an integer such that f (e2+2n1) = s1 and P1 = v2m0e1+2m0 v1+2m0 . . . e2n1 v2n1 is a (t, s1)-colored even
path on C . We denote by f ′0 the improper coloring obtained from f0 by interchanging the colors s0
and t along the path P0, and by interchanging the colors s1 and t along the path P1.
Step i + 1 (i  0). Suppose that we have already deﬁned distinct colors si , si+1 (different from t)
and integers mi and ni+1, 0<mi < ni+1 <m, and constructed a proper t-coloring f i and an improper
t-coloring f ′i of G , such that f
′
i satisﬁes the following conditions:
(1a) M( f ′i , j) = M( f i, j) for each j /∈ {si, si+1, t}.
(1b) There is no edge incident with v0 of color t , but there are two edges of color si , and one of each
color j = si , 1 j  t − 1.
(1c) There is no edge incident with v2mi of color si , but there are two of color si+1, and one of each
color j = si, si+1, 1 j  t .
(1d) There are no edges incident with v2ni+1 of color si+1, but there are two of color t , and one of
each color j = si+1, 1 j  t − 1.
(1e) At each vertex other than v0, v2mi and v2ni+1 each color appears on precisely one edge, and
M
(
f ′i , t
) = (M( f , t) \ {e2 j−1: j = 1, . . . ,ni+1}
) ∪ {e2 j: j = 1, . . . ,ni+1}.
First we construct an improper t-coloring f ′i1 of G . Consider the subgraph H induced by the set
M( f ′i , si) ∪ M( f ′i , si+1). It follows from (1b)–(1e) that dH (v0) = 3, dH (v2ni+1 ) = 1 and dH (v) = 2 for
each vertex v = v0, v2ni+1 . Then v0, v2mi and v2ni+1 belong to the same component of H , say H1.
Moreover, H1 consists of an even cycle C ′ and a path P ′ with endpoints v0 and v2ni+1 such that v0
is the only common vertex of C ′ and P ′ . Then H1 contains, with respect to f ′i , an (si, si+1)-colored
path Ri of even length with endpoints v0 and v2mi . Let us interchange the colors si and si+1 along
the path Ri to obtain a new t-coloring f ′i1. Then f
′
i1 is not proper, and has the following properties:
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each color j = si+1, 1 j  t − 1.
(2b) There are no edges incident with v2ni+1 of color si+1, but there are two of color t , and one of
each color j = si+1, 1 j  t − 1.
(2c) At each vertex v = v0, v2ni+1 each color appears on precisely one edge and M( f ′i1, t) = M( f ′i , t).
Remark 6. It is possible now that the edge e2+2ni+1 receives the color si+1, that is, f ′i1(e2+2ni+1 ) = si+1.
Now we construct a proper t-coloring f i+1. It follows from (2a)–(2c) that the subgraph F induced
by the set M( f ′i1, t)∪M( f ′i1, si+1) is 2-regular, and the vertices v0 and v2ni+1 belong to the same cycle
of F , say C ′′ . Then the cycle C ′′ is a union of two edge disjoint (t, si+1)-colored paths Q i and Q ′i
of even length with endpoints v0 and v2ni+1 . The path Q i allows the construction of a proper t-
coloring f i+1 from f ′i1 by interchanging the colors t and si+1 along Q i . Thus f i+1 is obtained from
f ′i by recoloring some edges of colors t , si , si+1. Then (1a) implies that M( f i+1, j) = M( f i, j) for each
j /∈ {si, si+1, t}, that is, f i and f i+1 differ by a 2- or 3-colored subgraph.
Now we deﬁne an integer mi+1 and a t-coloring f ′i2.
If f ′i1(e2+2ni+1 ) = si+1 then put mi+1 = ni+1 and f ′i2 = f ′i1.
If f ′i1(e2+2ni+1 ) = si+1 (see Remark 6) then let mi+1 be the maximum integer r m such that the
path Li = v2ni+1e1+2ni+1 v1+2ni+1 . . . e2r v2r is an even (t, si+1)-colored path (with respect to f ′i1) on C .
We deﬁne f ′i2 to be a coloring obtained from f
′
i1 by interchanging the colors t and si+1 along the
path Li . Clearly, f ′i2 differs from f i+1 by a 2-colored subgraph and
M
(
f ′i2, t
) = (M( f , t) \ {e2 j−1: j = 1, . . . ,mi+1}
) ∪ {e2 j: j = 1, . . . ,mi+1}.
Case 1. mi+1 = m, that is, the path Li includes all edges e j , 2ni+1  j  2m. Then f ′i2 is a proper
coloring because ni+1 <m, f ′i1 satisﬁes the conditions (2a)–(2c) and f
′
i2 is obtained from f
′
i1 by inter-
changing the colors t and si+1 along Li . Take k = i + 2, fk = f ′i2 and we are done. Clearly,
M( fk, t) =
(
M( f , t) \ {e1, e3, . . . , e2m−1}
) ∪ {e2, e4, . . . , e2m},
that is, |M( fk, t) ∩ M(g, t)| = |(M( f , t) ∩ M(g, t)| +m.
Case 2. mi+1 <m. Then f ′i2 is not proper, and has the following properties:
(3a) There is no edge incident with v0 of color t , but there are two edges of color si+1, and one of
each color j = si+1, 1 j  t − 1.
(3b) There are no edges incident with v2mi+1 of color si+1, but there are two of color t , and one of
each color j = si+1, 1 j  t − 1.
(3c) At each vertex v = v0, v2mi+1 each color appears on precisely one edge.
Let si+2 be the color of the edge e2+2mi+1 and let ni+2 be the maximum integer l m such that
the path Pi+2 = v2mi+1e1+2mi+1 v1+2mi+1 . . . e2l v2l is an even (t, si+2)-colored path (with respect to f ′i2)
on the cycle C . We denote by f ′i+1 an improper t-coloring obtained from f
′
i2 by interchanging the
colors t and si+2 along Pi+2.
(i) If ni+2 <m then go to step (i + 2). In step (i + 1) we constructed the colorings f ′i1, f i+1, f ′i2 and
f ′i+1. Moreover, f
′
i2 and f
′
i+1 are obtained from f i+1 by recoloring some edges of colors t, si+1
and si+2 only, that is, each of them differs from f i+1 by a 2- or 3-colored subgraph.
(ii) If ni+2 =m then v2ni+2 = v0 and
M
(
f ′i+1, t
) = (M( f , t) \ {e1, e3, . . . , e2m−1}
) ∪ {e2, e4, . . . , e2m}.
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is 2-regular. Take k = i + 2, produce a proper t-coloring f i+2 from f ′i+1 by properly coloring the
edges of T with the colors si+1 and si+2, and we are done. Clearly, M( fk, t) = M( f ′i+1, t) and|M( fk, t) ∩ M(g, t)| = |(M( f , t) ∩ M(g, t)| +m.
The proof of Lemma 5 is complete. 
Remark 7. The algorithm given in the proof of Lemma 5 is similar to the algorithm given in the proof
of the same lemma in [1]. But the paths P2, . . . , Pk are deﬁned in different ways. In this note each
path Pi+2, i  0 is deﬁned in step (i + 1) with respect to the current coloring f ′i2 and the cycle C .
In [1] these paths were deﬁned at the beginning of the algorithm: we partitioned the cycle C into
paths P0, P1, . . . , Pk where Pi is a (t, si)-colored path of even length with respect to the coloring f ,
s0 = sk and si = si+1 for i = 0,1, . . . ,k − 1. In each step (i + 1) in [1] we transformed a proper t-
coloring f i+1 to an improper t-coloring f ′i+1 by interchanging the colors t and si+1 along a path Q
and by interchanging the colors t and si+2 along the path Pi+2. However in some cases this process
can lead to an uncertain situation: if there is some index j such that j < i + 2 and s j = si+2, then it
is possible that the edges of color si+2 in Pi+2 were recolored at step j and there is no edge of color
si+2 in Pi+2 in step (i + 1).
The proof of Theorem 1 based on Lemma 5 can be found in [1]. For the convenience of the reader
we give this proof here.
Proof of Theorem 1. We divide the proof into two parts.
(i) First we prove the theorem in the case when G is a t-regular bipartite graph. The proof is by
induction on t . For t = 2 and t = 3 the result is evident. Now suppose that G is a t-regular bipartite
graph and that the induction hypothesis holds for all (t−1)-regular graphs, t  4. Let f and g be two
distinct proper t-colorings of G .
Case 1. M( f , t) = M(g, t). Then the graph G ′ = G − M( f , t) is (t − 1)-regular. Let f ′ and g′ be
the two distinct proper (t − 1)-colorings of G ′ induced by f and g , respectively. Then, since by the
inductive hypothesis g′ can be obtained from f ′ by a sequence of transformations of 2-colored and
3-colored subgraphs such that each intermediate coloring is proper, the same must be true for f
and g .
Case 2. M( f , t) = M(g, t). It follows from Lemma 5 that we can obtain a sequence of proper t-
colorings f = f0, f1, . . . , fr so that M( fr, t) = M(g, t) and f i+1 differs from f i by a 2- or 3-colored
subgraph, for each i = 0,1, . . . , r − 1. Then, as in Case 1, g can be obtained from fr by the induction
hypothesis.
(ii) Now suppose that G is not regular. Then we can construct a t-regular graph H which contains
G as an induced subgraph, in the following way: Take two disjoint copies G ′ and G ′′ of G , with
V (G ′) = {x′: x ∈ V (G)} and V (G ′′) = {x′′: x ∈ V (G)} where the vertices x′ and x′′ are joined with
t − dG(x) parallel edges, for each x ∈ V (G). The coloring f of G induces a proper t-coloring φ of G
in the following way: we color the copies G ′ and G ′′ in the same way as G , and then color the set
of parallel edges joining x′ to x′′ with those colors from {1, . . . , t} which are not used to color an
edge incident with x in G . Similarly, the coloring g induces a proper coloring ψ on H . Since H is
a t-regular, φ can be transformed to ψ using transformations of 2-colored and 3-colored subgraphs
only (see part (i) of the proof). Then the same must be true for f and g , and the proof of the theorem
is complete. 
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